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^ ■ Abstract 

For autonomous Lotka-Volterra systems of differential equations modelling the dynamics 
of n competing species, new criteria are established for the existence of a single point global 
attractor. Under the conditions of these criteria, some of the species will survive and stabilise 
at a steady state whereas the others, if any will die out. 
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'■ 1 Introduction 
+-> . 

ctf . 

£3 ■ In this paper, we are concerned with the asymptotic behaviour of solutions of the autonomous 
i— \\ Lotka-Volterra system 

I %'i = hXi(l - OtiX), 1 G I n , (1.1) 

| where x\ = dxi/dt, hi > 0, I m = {1, 2, . . . , m} for any positive integer m, a,i = (an, a^, • • • , din) 
with an > and a^- > 0, and x = (x±, X2, ■ ■ ■ , x n ) T G R n . Since the behaviour of (jl.ip is clear 
CO ■ when n = 2, we assume n > 2 though some of our results given later are applicable to two- 
dimensional systems. Let R" = {x G R n : x > 0}, where by y > x in R n we mean ?/j > Xj for all 
~~ < i £ I n . We also write y > x if y > x but y ^ x. We shall restrict the solutions of (jl.ip to R™ in 
view of (jl.ip modelling the dynamics of n competitive species, Xi(t) denoting the population size 
of the zth species at time t. We say that an equilibrium x* G R™ of (jl.ip is a global attractor 
^ if every solution of (jl.ip in intR™ = {x G R n : Xj > 0, j 6 I n }, i.e. with x(0) G intR", satisfies 
Hindoo :c(*) = x*. 

Since the independent introduction of (jl.ip as a population model by Lotka and Volterra in 
\ the 1920s, a large number of researchers have been attracted to the theoretical investigation of 
(jl.ip and its variations (see, for example, [13] and the references therein for a brief account of the 
development). One of the problems arising from (jl.ip as a model is to find suitable conditions 
under which some particular (or all) species in the competitive community will survive and 
stabilise at a steady state whereas the rest, if any, will die out eventually. Mathematically, we 
need suitable conditions which ensure the existence of an equilibrium x* G R™ that is a global 
attractor. It is known that (jl.ip has an equilibrium x* G intR" that is a global attractor if 

^i + ^ + ... + ^ZL <2 (1.2) 

holds for all i G I n (see [10] . [B] or [SJ p. 294-297]). For (jl.ip to have the same property as 
above, Hou [7] finds a more general condition 

max / , ^ii(i-y ^t)\ < i-y ^n. (i.3) 
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for all i,j G I n with i / j, which incorporates (|1.2p for all i G I ra as a special case. For (jl.ip to 
have an equilibrium x* G <9M™ = \ intR™ that is a global attractor, Zeeman p3] shows that 

(i - j)( aij - ajj ) > (1.4) 

for i,j G I n with i 7^ j guarantees the survival of only the first species, and Ahmad and Lazer 
P] obtain a criterion for the extinction of only one species. Li, Yu and Zeng [11] extend this 
criterion to the extinction of possibly more than one species. Combining (| 1 .3|) with a condition 
similar to that of [12] for nonautonomous systems, Hou [7J shows the global attraction of an 
equilibrium x* G <9R™ with the survival of some species and the extinction of the others. 

The main purpose of this paper is to establish new criteria for the existence of a single 
point global attractor. Using the idea of the "ultimate contracting cells" method, which was 
summarised by Hou [8] or [9], rather than using Lyapunov functions, we shall see that the new 
conditions are geometrically simple and include (11.21) . fjl .3f) and those given in p] as particular 
instances. 

The presentation of this paper is as follows. The statements of the main results under 
geometric conditions, together with some examples, will be given in §2. Then in §3 these 
geometric conditions will be translated into algebraic expressions. In §4 the main results will be 
restated under equivalent algebraic conditions. Finally, the proofs of the main theorems will be 
completed in §5. 



2 Main results under geometric conditions 

We first explain some terms and notation. For any u,v G R+ with v > u, a cell [u, v] is defined 
to be the set of x G R" satisfying v > x > u. For any J C I n , u J G R+ is defined by uj = Ui 
if i G J and uf = otherwise. Thus, with this notation, u In = u, u® = 0, and u In ^ k ^ for any 
k G I n is the projection of u onto the coordinate plane tt^, which is defined by (|2.2p . If u > 0, 
the set 7 = {x G R™ : u T x = 1} is an (n — 1) -dimensional plane in R™ . A point x G R" is said 
to be below {on or above) 7 if u T x < 1 (u T x = 1 or u T x > 1). A nonempty set S C R^ is said 
to be below {on or above) 7 if every point x in S is so. Now for (jl.ip we let 

Y = {a^\a^\...,a^) T , (2.1) 
vr, = {x G R™ : Xi = 0}, i G I n , (2.2) 
7i = {x G M™ : a iX =1}, i G J n , (2.3) 

and view rij g 07rj as R™ . Then, for any J C / n , rij g j7rj is obviously invariant under (jl.ip . Thus, 
as 7j n (njg/^^jjvrj) = {Y^}, is an equilibrium of (jl.ip on the Xj-axis. Let U G [0, Y] be 
defined as follows: for each i G I n , if ji is below 7^ for every j € J n \ {z} then = 0; if YW is 
on or above some 7^ (j 7^ i) then Ui = Y{ = ; otherwise f7, is the maximum value of the ith 
coordinate components of the intersection points of 7^ with any other 7^. 

CONDITION (C fc ). Either [I^W i s below 7fc or 7fc n [0, JJ^W] is above 7,- for every 
j G I n \ {/c}. Alternatively, either f/ 7 "^^ is below 7^ or the set jj n [0, [7 Jn ^ fc ^] is below 7^. for 
every j G I n \ {k}. 

The analytical definition of U, as well as its simplification, and algebraic realisation of 
condition (C^) are left to the next section. We shall see in §5 that U is an ultimate upper 
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bound for every solution x(t) of (jl.ip in intR™ , i.e. limt_ >0O a:i(i) < Ui for all i € I n . Moreover, 
condition (Cfe) will guarantee the existence of some 5 > such that every solution of in 
intR™ satisfies )im t _^ 00 xj.(t) > 5. Most importantly, the following theorem holds. 

Theorem 2.1 Assume that (C&) /ioZos /or a// fc G J n . T/ien (ji. ip has a unique equilibrium 
x* G intR" that is a global attractor. Moreover, the inequality x* < U holds. 

Remark 2.2 It is shown in [7j that (II. 21) for all i E I n implies f 1 1 . 3 [) for all i,j £ I n with i ^ j. 
It is also shown that (jl.3p for all i, j G / n with i 7^ j is equivalent to that 7,- PI [0,y /n ^ fc ^] is 
below 7fc for all j, k G /„ with j 7^ fe. Since U < Y, ()1.3p for all i,j G J„ with i 7^ j implies 
condition (C^) for all fc G I n . Therefore, theorem [2H] incorporates the known results using (jl.2p 
and (11. 3p as special instances. The example below satisfies (Cfc) for all k G I n but does not 
satisfy (jl.3p for some i,j G /„. Hence, theorem 12.11 applies to a broader class of systems than 
the known results do. 

Example 2.3 Consider system (jl.ip with n = 3 and 

/ a n a 12 a 13 \ I 2.1 1.9 1.9 \ 

021 022 023 J = 1 3 1 . (2.4) 
\ «3i a 32 a 33 j \ 1 1 3 / 

Then a^ > Ojj holds for i, j G I3 with i ^ j so yW is below 7^ for all i, j G I3 with i 7^ j. Since 
7in7 2 n7r 3 = {(0.25, 0.25, 0) T }, 7^7^73 = {(0.25, 0, 0.25) T }, 7rin 7 2n7 3 = {(0, 0.25, 0.25) T } 
and (r\j e i 3 \ m7j) n 7Tj is below 7, for j G I 3 , by definition we have U = (0.25, 0.25, 0.25) T . Note 
that aiU h \W < 1, so (d) holds, for all % G I 3 (see Figure 2.1). By theorem [2TT1 7in7 2 n7 3 = {x*} 
with C/j > x* > for i G I3 and x* is a global attractor. Indeed, x* = (^, |g, g|) T - On the 
other hand, however, for Y = (|f , §, ±) r , we have (0, §, ±±) T G 71 n [0, yl 2 - 3 }] but (0, ± ±i) T is 
below 73. So (jl.3p does not hold for some i, j G I 3 . 

Corollary 2.4 Assume that (C&) /ioZ«s /or a// k G I n . Then, for each nonempty set J C I n , 
(rij G j7j) n (n£ 6 / n \j7r^) = {uj} with Uj > (uj)j > for j G J suc/i i/ia£ every solution of (jl.jp 
wii/i Xj(0) > /or j £ J and 3^(0) = /or £ E I n \J satisfies lim^oo^^) = uj. Moreover, 
(jl.ip aas 2 n equilibria in R" . 

Proof. When J = {i} for some i G I n , (jl.ip on r\ 6 / n \{j}7Tfc is equivalent to 
so uj = yw meets the requirement. Note that theorem 12. II can be applied to (|1.1|) with n > 1. 
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Then, if \ J\ > 1, the conclusion about the required uj follows from the application of theorem 
12,11 to the | J | -dimensional system (jl.ip on n^ g y- n \j7i7. Clearly, uj is the unique equilibrium of 
in n^ 6 / n \ jixi satisfying (uj)j > for j G J. Since I n has 2 n — 1 nonempty subsets and the 
origin is also an equilibrium, (jl.ip has 2™ equilibria in . 

We have mentioned earlier that condition (Ck), for any particular k G / n , will secure the 
survival of the kth. species. Bearing this in mind and applying condition (Ck) to some of the 
indices (not necessarily all), we have the following. 

Theorem 2.5 Assume that condition (Ck) holds for all k G J C I n (J ^ 0). Then (OjeJjj) H 
(^fceirAJ 71 ^) = i x *} with < Xj < Uj for j G J. /n addition, if x* is on 7^ /or every k E I n \J, 
then x* is a global attractor. Moreover, the conclusion still holds if "x* is on 7^ " is replaced by 
"x* is on or above 7^" when U is replaced by Y. 

Remark 2.6 Theorem 12.11 is the extreme case of theorem 12.51 when J = I n . When J = J n _i, 
Ahmad and Lazer pQ obtained the same conclusion under the assumptions that (i) (jl.2p holds 
for all i G I n -i, (H) ot n x* > 1 and (Hi) det(aij) nxn > 0. Later in [21 [3] it was pointed out that 
the above condition (in) is redundant. From remark [2.21 we know that, for any i G /„, (jl.2|) 
implies (jl.3p for all j 7^ i, which ensures condition (Ci) with the replacement of U by Y. Thus, 
the result in [1] under the assumptions (i) and (ii) is covered by theorem 12.51 as a special case. 

Example 2.7 Consider system (jl.ip with n = 4 and 



/ an 0-12 «13 a 14 \ 

0-21 0,22 «23 a 2A 

031 ^32 «33 «34 

\ 041 042 043 044 / 



/ 5/2 3/2 1 3/2 \ 

1 3 11 

2 2 2 2 
2 2 13 



Then Y = (|, ^, |, Clearly, i s below jj for every j G I4 \ {i} as aji > a^. To calculate 
t/ij we find all the possible intersection points of 71 with 7j (j ^ 1) on -K2 Pi 7r3, 712 n tt^ and 
7T3 n 7T4 and find the maximum of the x\ values of these points. On tt 3 n tt^, 71 intersects 7, at 
(j, j, 0, 0) T for all j G J4 \ {1}. On 7T2 PI 7r4, 71 intersects 73 at (|, 0, g, 0) T ; 71 intersects 72 and 
74 on 7Ti so these are ignored. On 7T2 n ir 3 , 71 intersects 73 at (\,0, 0, |) T and 74 at (|, 0, 0, ^) T ; 
71 is below 72. Then U\ = max{|, |} = 3. We then obtain C/2 = f , ^3 = U4 = \ in the same 
manner. Condition (C 2 ) holds since a 2 f7 M{2} = t/i + U 3 + U A = § < 1. The set [0, U h \ {1} ] n-yi 
is a triangle with vertices Pi = (0, f , |, ^) T , P 2 = (0, f , ^, |) T and P 3 = (0, J, |, ±) T . Since 
ayP, > 1 for all i G I 3 and j G I4 \ {1}, [0, ?7 /4 \{i}] n 71 is above jj for every j £ h\ {1}. Thus, 
condition (Ci) also holds. Then 71 n 72 n tt 3 n 7r4 = {x*} with x* = (|, |, 0, 0) T . Since a%x* = 1 
and a^x* = 1, by theorem 12.51 x* is a global attractor. 

Another extreme case of theorem 12.51 when J = {k} is simplified to the corollary below. 

Corollary 2.8 Assume that condition (Ck) and akk = &jk hold for some k G I n and all j G 
In \ {k}- Then yw is a global attractor. The conclusion still holds if U is replaced by Y and 
akk = ajk is replaced by a k k < cijk- 

Remark 2.9 The conditions of corollary 12.81 with k = 1 and (|1.4|) for i,j G I n with i ^ j are 
mutually exclusive. 
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If Ui = for some £ G I n , from the definition of U we make the following observations: 

(i) For each j E I n \ {£}, Y"W is below 7j and every y in j£ is on or below jj. Hence, 
7j fl [0, f7 Jn W}] cannot be below so condition (C^) does not hold. 



) For j € I n \ {£}, G 7* so, by (t), cannot be below 7/. Thus, f/MW = yMW. 



(ra) From lemma 15.41 given in §5 we shall see that every solution of (jl.ip in intRi satisfies 
lim^oo Xi(t) = 0. 

Based on these observations we can redefine U In ^^ by the same definition as before except the 
substitution of I n \ {£} for I n . Repeat this process until no more new zero components occur. 

Theorem 2.10 Let J = {j\,j2, ■ ■ ■ ,jm} C I n with 1 < m < n and let V be defined by V J = 
and V In \ J G [0, Y^\ J ] given by the definition ofU with the replacement of I n by I n \J. Assume 
that the following hold: 

(i) For each £ G I m , is below 7^ and every y in jj t fl (7^ D • • • Pi ^j e _ 1 ) is on or below 7^ 

for all ke I n \ {ji, j 2 , • • • Ji}- 

(ii) For each k G I n \ J, either V^'AM j s below 7^ or 7^ n [0, y 7 ™\W] is above 7j for all 

j el n \(Ju{k}). 

Then (Pij^jiTj) H (n& 6 / \ j7fc) = { x *} with < x£ < for k G I n \J an d x* is a global attractor. 

Remark 2.11 Suppose the conditions of theorem I2.1UI are met. Then, applying theorem I2.1UI 
to (jl.ip on H^s^i f° r an Y subset S C J, we see that every solution of (jl.ip with Xfc(0) > 



for k G I n \ J and Xj(0) > for j & J satisfies limt_»oo x(t) 
corollary 12.131 

Example 2.12 Consider system (jl.ip with n = 5 and 



This remark also applies to 



/ Oil a 12 Ol3 °14 «15 \ 

021 «22 «23 «24 «25 

031 «32 033 034 035 

a.41 042 043 044 045 

\ 051 a 52 «53 054 «55 / 



/ 2.1 1.9 1.9 

13 1 

1 1 3 

3 3 3 

\ 4 3 3 




2 
1 



1 \ 

1 



2.1 
2.5 2 / 



Since a$j > a,ij and 055 > for all i,j G I4, F'f 5 ^ is below jj and each y G 75 is on or below 
7j for all j G 14. Also, 04^ > and 044 > d£4 for all i, j G I3, so is below jj and each 
y G 74 fl 7T5 is on or below jj for all j G 13. Now with J = {ji, j'2}, ji = 5 and j'2 =4, condition 
(i) of theorem 12.101 is met. Since the entries aij for i,j G ^3 are identical with those given in 
(|2.4p . from example 12.31 we obtain V 
By theorem 12.101 the equilibrium x* 



(1 A, \, 0, 0) T and o^MW < 1 for alH G J 5 \ J = J 3 . 
(23) 46> 46) 0) 0) T is a global attractor. 



When n = m + 1 with I n = J U {k}, = so assumption (ii) is automatically met 

and theorem 12.101 has the following simplified form. 

Corollary 2.13 Assume that, for each £ G I n ~i and every j G I n \ Ie, Y^ is below jj and 
every y in jgPi (tti fl • • • fl vr£_i) is on or below jj. Then is a global attractor. 
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Remark 2.14 The condition of corollary 12.131 is equivalent to 

dj£ < a,fg, a,jj < dj-ij < • • • < aij, 1 < i < i < ti. (2-5) 

Note that (jl.4p and (|2.5p are mutually exclusive. Thus, neither of corollary 12.131 and the result 
given by Zeeman p3] is covered by the other. 

Finally, we make a brief remark about the conditions of the main result given in [llj. It is 
assumed that, for some r < n, (jl.2p with the replacement of n by r holds for all i £ I r This 
implies the existence of an equilibrium x* £ ^jelrAir^j with x* > for i G I r . It is also assumed 
that x* is above jj for every j £ I n \I r . Then, with another condition requiring the existence 
of n — r constants satisfying an inequality, it is shown that x* is a global attractor. These 
conditions and those of theorems 12.51 and 12.101 are mutually independent though they have some 
overlap. 



3 Analytical definition of U and algebraic expression of (Ck) 

The definition of U given in §2 can be formulated as follows. For each i G /„, let 

if an < aji or = for some j G I n \ {i}, 
jj. - J if aji < an, a jk < a ik for all j, k G J„ \ {i}, (3.1) 

k max { aj*--"^ : 3> k G J ™ \ W ' a kj > <Hj } otherwise. 

Remark 3.1 If condition (Ck) holds for some k G /„, then every equilibrium of (|1.1|) on irk is 
below 7^. Indeed, u = is obviously below 7*.. Let u G 717. with it / be an equilibrium. Then 
either u = Y"M ^ [0, J/MW] for some i G J n \ {A;} or, by the definition of £/, u G 7j PI [0, [/MM] 
for some j G I n \ {k}. In the former case, Ui < a^ 1 . By (HLH), it = is below 7£ for all 

£ £ I n \ {i} so u is below 7^. In the latter case, u is below 7^ by (Ck)- 

In some situation, (|3.ip has a simpler form. To see this, suppose Y"t*^ is below 7^ for all 
j G I„ \ {i}, i.e. 

an > a^, j £ I n \ {i}. (3.2) 
For each j £ I n \ {i}, suppose also that either 

a-ik > ajk, k £ I n \ {i} (3.3) 

or ajj > a-ij and 7^ n Jj D (n^ g / n \{j ):; }vr^) = {.£?(*■?)} which is below 7^ for all £ £ I n \ {i,j}- The 
latter can be written 

a 33 >a lv a "( a » ~ *i) + a 'M* ~ a i*) <1; £g/n \ {i , j} . (3.4) 



Then (J3JJ) can be simplified as 



C/j = max \ 0, — a " - — : j £ I n \ {i}, ajj > a { j \ . (3.5) 
^ a>najj aijaji j 

If condition (Ck) holds for all k £ I n , then, by remark T3.il (|3.2|) and (|3.4p hold for all i, j £ I n 
with i 7^ j so U can be defined by 

U. = max ( Qjj - a%] :j£l n \ , i £ I n . (3.6) 



QtiQjj (LijCLji 



GLOBAL ATTRACTOR 



7 



Lemma 3.2 (i) For any J C I n with \J\ > 1, condition (Ci) for all i £ J implies 

max jo, ^-(1 - ai C7 J »\fti})| < i _ ai U In \ {i ' j} (3.7) 
I a jj J 

/or a// i,j G J i ^ j. (ii) Conversely, for a fixed i G I n , f \3. 7\) for all j G I n \ {i} implies 
condition (Ci). (Hi) Condition (Ci) holds for all i G I n if and only if l\3. 7| ) holds for all i,j G I n 
with i ^ j. 

Proof, (i) Suppose aiU In ^ 1 '^ > 1 for some i, j G J with i / j. Then [0, f7 J "\W] n 7j D 
[0, {jMfri}] n 7i / 0. Since [0, t/*»\{0'}] n 7l is above 7j by (C 4 ) whereas it is below 7j by (Cj), 
this is impossible. Therefore, we must have 

a,^" Uij ' } < 1, i,j€J,i?j. (3.8) 

For any i,j G J with i 7^ j, we assume /„ \ {i, j} 7^ as otherwise (j3.7[) holds obviously. If we 
can show that 

ayC/MO} > 1 (3.9) 

for all j e J \ {i}, then fl£HD and (|32|) result in 7j n [Z/MOJ}, {7 7 «\W] = {y} with yMO) = 
{jin\{ij} anc i ^ = a~Hl - ajU In ^ h ^). By condition (C) y is below 7i , so 

a iV = aiU 1 ^^ + ayajfQ. - ajU 1 ^^) < 1 

and (|3.7p follows from this and (|3.8[) . For any j G J \ {i}, (|3.9p is obvious if f/j = a~T- . If 
Uj < a^ 1 , then, for any k E I n \ {i,j}, is below 7^ by the definition of Uj. On the other 
hand, Y"W is below 7 j by (Cj) and remark [3TTT Consequently, 7 jn 7 fcn(r\ 6 / n \ {j,fc} 7r ^) = {E^ k '}. 
Then (|3j3|) follows from ctjEW = 1 and G [0, f7 J »\»] by the definition of U. 

(ii) If a>iU In \{' l > < 1 then U In ^^ is below 7 j so condition (Cj) holds. Now suppose otiU In \^ > 
1. Then, for each j & I n \ {i}, since aj 

j/Mftj} < l by (|3T7j) . we have > and G 
[^n\{j,i} )[ //n\{i}] suc h that otiZW = 1. It can be shown that 

7i n[o,^\W] = j ^ <ij' :j :<l, '(). ^ di = l|. 

L ie/ ?l \{i} j'e/ B \{i} J 

Hence, to show that condition (Ci) is met, we need only verify 

a m Z (j) > 1 (3.10) 

for each fixed j G I n \ {i} and all m G J n \ {«}. Note that = 0^(1 - a-if/ 7 "^'*). It then 
follows from this and (|3.7p that 

QjZ^ = a i [/ / «\{ i -J> + a^a^l - a i i7 / »\W>) > 1 (3.11) 

for all j G J„ \ {*}. For any m G J„ \ {*, j}, if a mj - = then a m Z^ = a m [/ 7 ™\« > a m Z^ > 1 
by (|3.1ip . If a mj - > and f/ m = a~^, we also have a m Z^ > a mm U m + a m jZf' > a mm U m = 1. 
Since a m j = implies £/ m = (!„,}„, we have actually verified (|3.10|> when f/ m = a m ^. So our 



8 



Z. HOU 



remaining task is to show (|3.10p under the assumption U m < a"^, which implies a mm > akm 
and a m k > for all k G I n \ {m} by the definition of U m . 

(A) Suppose I n ^ {i,j,m}. Then, for k G I n \ {i,j,m}, we have either < atk < (t m fc 
or < a m k < dkk- In the former case, Uk = a^l so a m Z^) > a m kUk > 1- In the latter 
case, 7 m n 7 fe n (n £eIn \ {mtk} Tr e ) = {E^}. Since E^ < U^ m ^ and a m E^ = 1, we have 
a m ZW > a m [/i m - fe > > a m E^ mk ) = 1. 

(B) Suppose I n = {i, j, m}. Since <x ; f7 / 'AW = ajjUj + a jm U m > ajZ^ > 1 by (|3.1ip and 
ajj^j < 1, we must have a,j m U m > so a mm > aj m > 0. If a m j > ajj then a m Z^' > ctjZ^ > 1. 
Otherwise, we have djj > a m j > so jj Pi j m n 7Tj = {£'C jm )} with 

(£ ^) il5 CM ) = 



1mm Ojm 



By the definition of C7 we have E^ < U^' m \ Since Em™ 1 ^ < U m is equivalent to 0^(1 — 
ajmU m ) > a~*.(l - a mm U m ) and (|3.1ip gives a^. 1 (l - a im U m ) > ajj-(l - a jm U m ), from these we 
obtain 

"m^^ — O mm U m ~\~ ^"mj^ij (I Oi m U m ) 
> O mm U m ^"mj^ m j (1 O mm U m ) 
= 1. 



Therefore, (|3.10f) holds for all m E I n \ {i}. 
(in) This follows from (i) and (m). 



4 Restatement of the main results 

With the preparation in §3 we are now in a position to restate the theorems and corollaries given 
in §2. 

Theorem 4.1 Assume that (jj.jp satisfies (jg.ffl) . p.^Q and p.7| ) /or a// i, j G I„ mf/i z 7^ j, 
where U is given by (jg.ffi) . TTien (jj.jp /ias an equilibrium x* G intR™ w;zf/j x* < U that is a 
global attractor. 

Corollary 4.2 Under the conditions of theorem \4-l\ for each nonempty set J C I n , has 

an equilibrium xj G [0, U J ] with (xj)i > for i G J that is a global attractor within the interior 
°f ^£ei n \J n £ viewed as Moreover, (jj.jp has 2 n equilibria inW±. 

From lemma 13.21 we see that the conditions of theorem 14.31 and corollary 14.41 given below are 
slightly stronger than those of theorem 12.51 and corollary 12.81 respectively. 

Theorem 4.3 Let J C I n with J / i. Assume that <\3. 7\) holds for each i G J and every 
j G I n \ {%}, where each component U{ of U is defined either by (j3.jp or, if (jg.ffp and <\3.4\) holds 
for all j G I n \ {i}, by <\3. 6T) . Then (jj.jp has an equilibrium x* G [0, U J ] with x* > for j G J. 
In addition, if ajX* = 1 for all j G I n \ J, then x* is a global attractor. Moreover, "ajX* = 1" 
can be relaxed to "ajX* >1" when U is replaced by Y given by <\2. jp . 
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Corollary 4.4 Assume that ( 3. 7) and an = a,j /ioW for some i E I n and all j E I n \ {i}, where 



U is defined by \3. Then is a global attractor of (j 1. Moreover, "an = aji" can be 
replaced by "an < aji" ifU is replaced by Y . 

Theorem 4.5 Let J = ji, . . . ,j m } C I n with 1 < m < n and let U E R+ be defined by 
Ui = for i £ J and by (jg.jp . wrai/i J n replaced by I n \ J, for i E I n \J. Assume that 

(i) for each £ G I m and every j, k G I n \ . . . 

a kj e < a j e j e , a kj < a j«; (4-1) 
(m) /or all i,j E I n \J with i ^ j (if n > m + 1), 

max / , _ a^-V)^'})) < 1 - o^WYtiJ}. ( 4 .2) 

T/ien (ji.jp Zias an equilibrium x* G [0, J7 /n \ J ] wzf/i x* > /or j E I n \J that is a global attractor. 
Corollary 4.6 Assume that COD satisfies (pO}. T/ien r^ n > is a global attractor. 

Remark 4.7 By remark f3. II and theorem 12. 11 we are tempted to make the following conjecture 
as an improvement of theorem 12.11 

System (jl.ip has an equilibrium x* G intM™ that is a global attractor if, for each 
i G I n , every equilibrium of (jl.ip on 7Tj is below 7$. 

This is obviously true when n = 2. When n = 3, the condition ensures that each is a local 
repellor and, by lemma [57T1 given in the next section, 71 n 72 D 73 = {x*} C intR5_. Then, by 
a result given in [3j, x* is a global attractor. Hence, it is fairly reasonable to make the above 
conjecture for general n-dimensional system (jl.ip . However, further investigation is needed to 
clarify it. 



5 The proofs of theorems 12.51 and 12.101 

The method of ultimate contracting cells (see [U Theorem 2] or [91 Lemma 1]) will be used in the 
proofs of the theorems though it is not explicitly stated here. Our first lemma establishes the 
existence of a unique equilibrium x* G intR" under conditions weaker than (Cfc) for all k G I n . 

Lemma 5.1 Assume that, for each i G I n , every equilibrium of (jj.jp on m is below 7$. Then 
there is a unique equilibrium x* G intR™ with x* < Y . 

Proof. Denoting the statement of lemma [5TT1 by P(n), we show the truth of P{n) by induction. 
The truth of P(n) is trivial for n = 1 and n = 2. Supposing that P(n) is true for some k > 2 
and all n G Ik, we now show the truth of P{k + 1). 

By the assumption, for each i G ifc+i, every equilibrium of (jl.ip on 7Tj is below 7j. In 
particular, for each i E Ik, every equilibrium of (jl.ip on 7Tj n vr^+i is below 7^ and 7^+1 . Viewing 
(jl.ip on 7Tfc + i as a /c-dimensional system on R^ and using the truth of P{k), we have a unique 
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equilibrium u* of (jl.ip on Ttk+i satisfying < u* < a- for i £ Ik- This implies that the solution 
of the system 

a-iU = 1, i G Ik 

can be written u(5) with u(0) = u* , n/ c+ i((5) = (5 and n(<5)— n* is linear in 5. Thus, u(5) G intM^ 1 
holds for sufficiently small 5 > 0. 

(i) If u(afe H L lfc+1 ) G intM^ +1 then u(5) G intM^+i for all 5 G (0,a^ lfe+1 ] and 

afe + l«(o^ +lfc+1 ) > a k+lk+1 a k l lk+1 = 1. 

As ak+\u(0) = ctk+iu* < 1 by the assumption, there is a <5o G (0, a fe ^ L lfc+1 ] such that ak+iu(8o) = 
1. Then n((5o) G intlR^ +1 is the required equilibrium. 

(ii) If u(a^l lk+1 ) g" intM+ +1 , then there is a 5\ G (0, a;T+ lfe+1 ] such that u(5) G intR+ +1 for all 
5 G (0, <5i ) but ui(6i) = for some £ G Thus r\i^i k ji is a line segment joining u* with n(o~i). 
Again, by the assumption and the truth of P(k — 1) and P(k), (jl.ip has a unique equilibrium 
v* on TTg n VTfc +1 satisfying < v* < a^ 1 for i G 4 \ M an d a unique equilibrium u>* on 7r^ with 
< w* < ajj 1 for j G \ {£}. Consequently, the set S = ^i^i k \{t}li is a two-dimensional 
plane and r\- e / fc +1 \{^}7i is a line segment starting from w* on 5 (see Figure 5.1). Note that SHtti 
is a line segment containing v*, w* and n(o"i), and 5 H vrfc + i is a line segment containing v* and 
it*. Since v* is below both 7^ and 7fc+i, n* is below 7^4.1 and w* is below 7^, we must have 
li H 7fc+i n 5 = {x*} C intM™ with x* the required equilibrium. 

Therefore, we have shown the truth of P{k + 1) when P(n) is true for all n G Ik- By 
induction, P(n) is true for all n > 1. 

The next lemma gives an ultimate upper bound of any solution of (jl.ip in terms of a given 
ultimate lower bound (see Lemma 3.2]). 



Lemma 5.2 Lei x G R 5 satisfy Xi = if o^x > 1 /or any i £ I n and let y € be given by 

jjj = max{0, xj + aj^il - ajx)}, j G I n . (5.1) 

If a solution of (jj.jp in intM™ satisfies ]im i _^, 00 x(t) > x, i/ien afeo satisfies limt_ >00 x(t) < y. 

However, we shall need a refined ultimate upper bound based on (j5.1j) . For the above x and 
some j G I n , if we know that xj(t) — > xj as i — > 00, then we take yj = xj rather than (|5.ip . 
Now for y > x with yj = ij or yj given by (j5.1j) for each j € I n , let Jq = {? G I n : Xj < y^} and 
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(5.2) 



define z G [x,y] by (|5.2p for each i G J n , 

y, if Jo = {«} or i Jo or, for some j G Jo \ {i}, 

= or ajX /n ^^ + a^y; > 1; 
Xi if z G Jo 7^ {«}, ajX 7 "^^ + aji?/j < 1 and ayy < 1 
for all y € 7j n [x, y] and j G J \ {i}; 

max{nf ifc) : 7i n 7 fc (1 [s, = {«&'*)}, j, fc G J \ {*}} 

otherwise, 

where ffW) = x 1 "^'} + yft-O. 

Lemma 5.3 Assume that a solution x(t) of (jj.jp in intM™ satisfies 

x < lim^^xft) < lim t ^ 00 x(t) < y 

/or some x,y G intR™, where, for any i,j G / n , Xj = if c^x > 1 and y^ is given by ([377]) i/ 
yj > Xj. Then, /or 5 > y defined by (|5.^j) . x(i) a/so satisfies lim t _ >00 x(t) < 5. 

Proof. We only need to show lim^ooX^t) < z« if < y» for a fixed i G I n . This can be 
achieved by showing that, for every ro G (zj,yY], there is an r\ G [£i,ro) such that 

lim^ooX^t) < r (5.3) 

implies 

limt^ooXi(t) < ri. (5.4) 

From Zi < fa and (|5.2p we know that i G Jo ^ &ij > and a,x /n \W + ajiyi < 1, i.e. 
aJn\M -|- i s below jj, for all j G Jo \ {«'}■ By (|5.ip . x In \^ + yW is on <y k for all G Jo- 
Thus, for each j G Jo \ {i}, 7J*W = x Tn ^ h ^ + is on or above jj and x In ^ + is below 7 fc 
for every G Jo\{i}- Now suppose (|5.3p holds. The line segment L ro = {x G [£, JJW] : Xj = ro} 
must intersect a plane 7^ for some k £ Jo\ {i} at Q( J ) (see Figure 5.2) such that Q}p = ro, 
Q^-p = xi for I G I n \ {i, ?} and 

= minla-^l - a^^> - a&r ) : £ G J \ «, / 0}. 

By the definition of 2{ and ro > Zj, we see that Qj^ > Xj and is above 7, but on or below 
7« for every £ <E J \ {i}. Put 7(e) = {x G : fix = e}, where /3 = (fa, fa, ■ . ■ , fa) wit h fa = 
for j G {i} U (J„ \ J ) and 



for j G Jo \ {«}• Then the Xj-axis is below and parallel to the plane 7(e) for each e > 0, 
[x,x /n \W + yW] is below and parallel to 7(1), and is on 7(1) for j G Jo \ {i}- Moreover, 
for any e G (fix, 1), the set 

A(e) = {x G [x,y] : Xj < r ,/3x < e} (5.5) 
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Figure 5.2 



{0 



is below 7j for every j E Jq\ {i}- We now show the inequality 



(5.6) 



by assuming its falsity, i.e. lim^ 00 /3x(t) 
satisfying t m — > oo as m — ► oo and (3x(t m 



- S for some 5 < 1. Then there is a sequence {t m } 
< (1 + <5)/2 for all m > 1. Since lim^oo a^(i) = X£ 



is below jj for all j G J \ {i}- Thus, for any t >T, x(t) G A(^) implies > 0. Without 



loss of generality, we may also assume that x(t r 



Then, for each m > 1, /3x(i) is increasing for £ > t m as long as x(t) G This, together 



for I G I h \Jq, (|5.3p holds and A(i^) given by (|5.5p is a closed set, we can assume the existence 
of T > 0, D [x,y] and fo > to such that x(t) G [x,y] and Xi(t) < fo for all t > T and the 

set 

I((l + S)/2) = {x£ [x, y]: Xl < f , < (1 + <5)/2} 

so that (3x'(t m ) > 0, for all m > 1. 

with (3x(t m ) < (1 + 5)/2 for all m > 1, results in x(i) G for all i > ti. By the closeness 

of A(i^) there is an e G (0, 1) such that ctjX < e for all x G -A(^t^) and j £ Jq\ {i}. Hence, 
from (JTII), 

xj(t) > ^-(tOe^f 1 - 6 ^*-* 15 

for t >t\ and j G Jo\{i}. This leads to /3x(i) — > oo as i — > oo, a contradiction to lim f ^^/3x(t) = 
5. Therefore, we must have (|5.6p . 

Note that, for each j G J \ {i}, 7(1) n [sc, H^] is a line segment parallel to [x, x In \^ + y^\ 
and Q (i) is on it. So we let 7; n 7(1) n [x, = {P^} or, if it is empty, let 7(1) n [x, x In ^ + 

y {J}] = {P(J')}, and let 



max{P. {i) : j G J \ {i}}. 



Then ri G [5j,r ) as each QV) is above 74. We observe that the closed set 5(77) = {x G [x,y] : 
a^i > 77, /3x > 1} is above 7j for every r] > r\. Then, from this observation and (|5.6p we see that 
x(t) satisfies Xi(t) < r/ for each 7/ > r\ and all sufficiently large t. Thus (|5.4p holds. 

From lemmas 15.21 and 15.31 we obtain an ultimate upper bound for all solutions of (jl.ip in 
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Lemma 5.4 Every solution of (ji.jp in intR™ satisfies 

lim t _ j . 00 x(t) < 

/or £7 given 6y (j3. ip . 7/ CT^ = for some j\ £ 7 n; then there exists J = {ji,j2, ■ ■ ■ ,j m } C 7, t 
mi/i 1 < m < n snc/i £/ia£ t \4- 1\) holds for each £ £ I m and every j,k £ I n \ {ji,j2, ■ ■ ■ ,je}- 
Moreover, every solution of (1 1. 1\ in intR™ satisfies 

lim^ 00 x(t) < V, 

where Vk = for k £ J and G (0, a^ 1 ] is given by (j3.jp urat/i the replacement of I n by I n \ J 
for iEl n \J. 

Proof. By lemma [572], every solution of (jl.ip in intR™ satisfies 

= x < limt^oaift) < limi^oox(t) <y = Y. 

Note that 5 given by (j5.2p with = [0, y] coincides with C7 defined by (|3.1j) . Then, by 

lemma [531 every solution of fll.lj) in intR™ satisfies 

= x < lim ^^xft) < lim t ^ 00 x(t) < z (5-7) 

with z = U. If f7,-j = for some j\ G 7 n > then, with J = {ji}, (j4.ip follows from (j3.ip for 
£ = 1 and all j, k £ I n \ {ji}. From the observation (zi) made before theorem 12. 101 we know that 
JJ = y-^U-M. Applying lemma [531 again with [x,y] = [0, Y 1 "^ 1 ^], we see that every solution of 
(jl.ip in intR™ satisfies (|5.7p with I given by (j5.2p . Note that, for each j £ I n \ {ji}, Zj coincides 
with Uj given by (|3. 1[) after the replacement of I n by I n \ {ji}. If zj > for all j ^ j\, then the 
conclusion follows with J = {ji} and F = z. Otherwise, if 2j 2 = Uj 2 = for some j'2 € J n \ {ji}, 
the conclusion follows from repeating the above process a number of times. 

The next lemma gives a refined ultimate lower bound based on the given ultimate lower and 
upper bounds. In particular, it confirms that condition (Ck) guarantees the survival of the kth. 
species. 

Lemma 5.5 Assume that every solution of (| in intR™ satisfies 

x < lim ^^xd) < limt_ >00 x(t) < u (5-8) 

for some x,u £ WJ . Assume also that, for some i £ J\ = {j £ I n : Uj > Xj} ^ %, either (A) 
x**} + u In \{ 1 } is below ji or (B) x is below ji but n [x,x^ + u In ^ 1 ^] is above for every 
j E J\ \ {i}. Then there is a 5o > such that 

lim^^Xid) >Xi + 5 - (5.9) 

Proof. Under (^4) and (j5.8p we show that 

5 = 0^(1 - aaxi - a;n 7lAW ) 

meets the requirement of (j5.9p . In fact, 5q > since x^ + u In \^ is below ji. Moreover, for 
arbitrary 5 £ (0,5o), we have ctiU 1 ^^ + au(5o + Xj) = 1 and Qjn /n ^^ + au(5 + Xj) < 1. For 
each solution of (|1.1|) in intR™, since lim t ^ 00 x(t) /n \'t^ < u /n \W by (|5.8j) . there is a to > and 
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e G (0, 1) such that aix(t) In ^ + au{5 + X{) < e < 1 for all t > t . If Xj(i) < Xi + 5 holds for all 
i > to then 

aix(t) < aix(t) J »\W + Oji ((J + Xi) < e < 1 

for t > to, so > Xi(to)e bi ( 1 ~ £ ^ t ~~ t °^ — > oo as i — > oo. This is impossible. Since Xj(i) < Xj + <5 
for any i > to implies the increase of x\ for t at the vicinity of i, there must be a t\ > to such 
that Xi(t) > Xi + 5 for all t>t%. Thus, ]im t _ 1 .^Xi(t) > X{ + 6. Then (|5.9p follows from this and 
the arbitrariness of 5 G (0, <5o)- 

Under f|5.8|) and (5), the proof of Lemma 3.3] can be copied to here almost verbatim 
after the replacement of [x,y] by [x,u]. 

With the above preparation we are now able to embark on the proofs of the theorems. 

Proof of theorem 1 2. 51 For k G J, since condition (Cjt) holds, by remark [37T1 every equilibrium 
of (|1.1|) on 7Tfc n (Hjgjv j7rj) is below 7*.. Restricting (jl.ip to Hjgj \ j7r./ and applying lemma loTTl 
to it, we obtain a unique equilibrium x* on flj e / \ jTTj satisfying < x£ < a^ 1 for G J. By 
lemma [531 every solution of (jl.ip in intM™ satisfies 

< lim f _^x(t) < Ikn^oo^) <U <Y. (5.10) 

Since condition holds for all A; € J, by lemma 15.51 there is a 5 G (0, 1] such that every 
solution of (jl.ip in intR™ satisfies lim^ _ >0O a;(t) > 5x*. Let 5o be the supremum of such 5. Then, 
by lemma [5T2l every solution of (jl.ip in intM™ satisfies 

5 x* = x < lim,^ m x(t) < limi^ oc x(t) < y, 

where y is given by (|5.ip . By the assumption, x* is on jj for every j G I n . Hence, x = x* = y, 
so x* is a global attractor, if <5o = 1. 

Now suppose (5o < 1. By lemma every solution of (|1.1|) in intM" satisfies 

£ < lim^^xft) < lim^ 00 x(t) < z, 

where I is given by (|5.2p . For each k £ J, since a^x = <5oafcX* = <5o < 1, if we can show that 

a jV >l, j£l n \{k} (5.11) 

whenever y G [x,x^ + I^W] n 7*. 7^ 0, by lemma [531 again we have hm^ 00 x(t) > 5x* for 
some 5 G (#0, 1], which contradicts the definition of 5q. This contradiction shows that Sq = 1. 

To prove (|5.1ip we introduce an affine mapping / : [0, Y] — > [0, y] defined by f(x) = x + (1 — 
(5 )x. Then /(0) = x and, for each i G J n , /j(Y) = Xj + (1 - <5 )Yj = X; + (1 - c^x)^ 1 = m> x { . 
Thus, /([0,Y]) = [x,y] and, for any S C I n , 

/([0,y 5 ]) = [x,x / "\ 5 + y 5 ]. 

Next we check that f(U) = z so that -F([0, U]) = [x, 2] and, for any S C I n , 

f([0,U s ]) = [x,x In ^ s + z s ]. (5.12) 

For this purpose, we note that x* G r\i<=i n ji by the assumption and /(x*) = x + (1 — <5o)x* = 
x*. For each y G [0, Y] \ {x*}, /(y) = 5ox* + (1 — 5o)y is on the line segment yx*. Thus, 
f(li H [0, Y]) = 7i n [x, y] for all i G J n . For any fixed i G I n , if U{ = a^ 1 then, by (|3.1|) . = 
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or yW i s not below 7,, so f(Y^) = x + (1 — <5o)y^ = x /n \W + j/W is not below 7^, for some 
j€l n \ {%}. By d52D we have ^ = fa. Therefore, fi{U) = h{Y^) = y t = z t . If U { = 0, then 
yW is below jj and every y G 7$ is on or below 7^ for all j G J n \ {i}. So x /n \W + y^, which 
is on 7j, is below 7^ and every y G 7^ n [x,y] is on or below jj for all j £ I n \ {i}. By fj5.2j) 
again, z« = x%. Hence, fi(U) = fi(0) = X{ = Zi. Now suppose < U% < . From (|3.ip we have 
Hi > a ki and a^- < a&j for some k, j el n \ {i}. Then j { n 7 fe n [0, yt^'}] consists of a single point 
having 

^ii^kj Q'ijQ'ki 

as its ith coordinate. Since x G 7, ri7& D [0, y{**?}] if and only if f(x) = y G 7« fl7fc D [x, ^"-uW + 
and c^x = 5q = a^x, by a routine check we see that 7i H 7^ n [at, x In ^ i '^ + y^'^] also 
consists of a single point with 

Uj — Xj + (l — do) — . 

From (|3.ip and (|5.2p we obtain 

/j({7) = + (1 - 5 ) maxi — - ^ — :k,jel n \ {i}, a kj > ay > 

t O'iiO'kj O'ijO'ki ) 

= max{ii> : k,j el n \ {«}, «fej > ay} 
= 2i- 

Therefore, f(U) = z. Now that (|5.12p is derived from f(U) = z, we must have 

/([o, u 1 -^} n 7fe ) = [x, x w + z 7 -\ {fc} ] n 7fe . 

Then, for y € + n <y k ^ 0, there is a unique x G [0, U 1 ™^^] n 7& such that 

/(x) = y. By condition (C&) for € J, x is above 7, for all j G I n \ {A;}. Thus y is above 7, for 
all j £ I n \ {k}, i.e. y satisfies (|5.1ip . 

If y replaces U in the conditions and (XjX* > 1 is assumed for all j E I n \ J, then f(Y) > y 
so /([0, y]) Z) [x,y]. The above argument is still valid after minor modifications. 

Finally, that x* < U follows from (|5.10p and lim^oo x(t) = x* for every solution of (jl.ip in 
intR^. 

Proof of theorem \2.1(A When n > m + 2, by assumption (u) and theorem 12.11 with the 
replacement of I n by I n \ J we know that (11.11) has a unique equilibrium x* 6 Dj^jirj with 
< x* < Vi for ? G I n \ J. This is also true with x* = yW when I n = JU {k} (i.e. n = m + 1). 
We next show that x* is a global attractor. From lemma 15.41 we know that every solution of 
(fTTI) in intR^ satisfies 

= x < hm t ^ 00 x(i) < lim t ^ 00 x(t) < z 

with z = V. Then, by (i) and (m), for each k G J n \J, either yMW is below j k or 7fcfl[0, V In \^} 
is above 7j for every j G I n \ {A;}. Applying lemma [BTol to (j 1 . 1 j) we obtain 

lim x(t) J = 0, lim^^x^t) > 6, j €l n \J 

for some 5 > and all solutions of (jl.ip in intM™ . Since {x*} is the largest invariant set of (jl.ip 
in {y G M" : y J = 0, yj > 5, j G J n \ J}, x* must be a global attractor. 
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